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Abstract
Modeling pumps in 1D flows in Modelica is not
new. In this paper a new approach is presented that
can be used for general centrifugal pumps as well
as centrifugal pumps based on measurement data
for the DLR Thermofluid Stream (TFS) Library. The
presented model uses affinity laws for good scaling.
This approach allows to predict the pump behav-
ior also for pumps where no measurement data exist
based on data from similar pumps. The models are
designed with focus on numerically robustness and
focus on normal pump operation. They avoid non-
linear equation systems and can be initialized at zero
mass flow rate and/or zero speed. Furthermore care
has been taken that extrapolation of the pump data
outside the data range is robust without interpola-
tion artifacts. A pump surge example demonstrates
that the TFS can handle instationary abnormal pump
behavior like surge limit cycles by default without
any further modifications needed.
Keywords: Centrifugal Pump; Hydraulic Transients;
Thermal Modeling; Thermofluid Stream; TFS

1 Introduction
The pump models available in the Thermofluid
Stream (TFS) Library (Zimmer 2020; Zimmer,
Meißner, and Weber 2022) have been used for simple
modeling tasks. However, in order to create more
realistic pumps or pumps based on real measure-
ment data, we have found that current models do not
meet all the requirements needed by industry. There-
fore, new pump models have been developed that
are more realistic. These models are in contrast to the
models from Modelica.Fluid, since they avoid di-
vision by zero. Furthermore they avoid using poly-
nomials of high degree for interpolation, which can
cause oscillation at the edges of the interpolation in-
terval known as Runge’s phenomenon, see (Trefethen
2019). There exists extensive literature on pump
modeling, well known german-language books are
e.g. (Gülich 2010) or (Sigloch 2013), and english-

language books are e.g. (Stepanoff 1957) or (Karas-
sik et al. 2007). Furthermore it might be worth men-
tioning (Chaudhry 2014) focusing on hydraulic tran-
sients. In Modelica pump models are part of fluid
libraries as Modelica.Fluid (Casella et al. 2006),
the Buildings Library (Wetter et al. 2014) or TIL Li-
brary (Richter 2008). Modelica.Fluid uses poly-
nomial interpolation for head characteristic and ei-
ther fixed efficiency or quadratic power character-
istic. For the Buildings Library one can use spline
interpolation of measurement data. The model in-
corporates several numerical workarounds to avoid
singularities and ensure a unique solution (Wetter
2013). Alternatively a method based on the Euler
Number can be used that requires only reference val-
ues at the point of best efficiency as inputs (Fu, Blum,
and Wetter 2023). The TIL Library uses a quadratic
head characteristic h ∼ V̇|V̇| that has an inflection
point at zero flow and uses an empirical relation for
the loss power.

First, subsection 2.1 introduces the centrifugal
pump model. Subsequently in subsection 2.2 mea-
surements of a sample development pump from the
automotive supplier HELLA GmbH & Co. KGaA
are used, to validate the pump model, see an ex-
ample in Figure 1. These pumps, which are devel-
oped in several power classes from 80 W to 400 W,
are used in battery electric cars to cool and heat sev-
eral components (e.g. battery, electrical machine,
cabin). In most cooling systems the pumps are in-
tegrated into a Coolant Control Hub (CCH) together
with valves. The fluid used in these systems are mix-
tures of water and glyocol. In addition, the models
have been validated against data from pumps avail-
able in the Modelica Buildings library (Wetter et al.
2014). In subsection 2.3 it is shown that centrifugal
pump characteristics have great similarities. Hence
realistic pump characteristics can be set up with min-
imum knowledge. Furthermore in section 3, a pump
surge example demonstrates that the TFS can han-
dle instationary abnormal pump behavior like surge
limit cycles by default without any further modifica-
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tions needed and without any numerical modifica-
tions of the pump characteristics necessary.

Figure 1. Sample automotive development pump (copy-
right HELLA GmbH & Co. KGaA).

2 Centrifugal pump model

2.1 Basic equations

The centrifugal pump model is based on affinity
laws that govern the scaling behavior of head h ∼
ω2, discharge V̇ ∼ ω, and power P ∼ ρω3 with re-
spect to speed ω and fluid density ρ. These rela-
tionships, commonly referred to as homologous re-
lationships, are detailed in any textbook on pumps
e.g. (Stepanoff 1957; Karassik et al. 2007; Gülich
2010; Sigloch 2013). The model targets normal pump
operating conditions characterized by V̇,ω, h, P ≥
0, as measurements for abnormal pump operat-
ing conditions are scarce and normal pump op-
erating conditions are of primary interest. The
model uses quadratic polynomials for the approx-
imation of homologeous head h/ω2 and homolo-
geous power P/(ρω3) as a function of homologeous
discharge V̇/ω:

h
ω2 = c̃h,0 + c̃h,1

V̇
ω

+ c̃h,2

(
V̇
ω

)2

, (1)

P
ρω3 =

τω

ρω3 = c̃P,0 + c̃P,1
V̇
ω

+ c̃P,2

(
V̇
ω

)2

, (2)

where τ denotes the torque, and c̃h = (c̃h,0, c̃h,1, c̃h,2)
⊺

and c̃P = (c̃P,0, c̃P,1, c̃P,2)
⊺ are non-dimensionless co-

efficients. The head characteristic of a centrifugal
pump is based on the linear Euler characteristic and
extended by accounting for friction and shock losses,
which can be well approximated by quadratic terms
for centrifugal pumps, see e.g. (Kallesøe 2005, eq.
(3.19)), (Sigloch 2013, fig. 9.5), (Gülich 2010, fig.
4.3), (Stepanoff 1957, fig. 9.8). Similarly, the torque
characteristic is also found to follow a quadratic re-
lationship (Kallesøe 2005, eq. (3.24)).

Equation 1 and Equation 2 can be rewritten in
terms of normalized variables as:

hn = ch,0ω2
n + ch,1ωnV̇n + ch,2V̇2

n , (3)

Pn = ωnτn = ωnρn

(
cP,0ω2

n + cP,1ωnV̇n + cP,2V̇2
n

)
,

(4)

where hn = h/href, V̇n = V̇/V̇ref, ωn = ω/ωref, Pn =
P/Pref, τn = τ/τref, and ρn = ρ/ρref are the normal-
ized head, discharge, speed, power, torque, and fluid
density, respectively, href, V̇ref, ωref, Pref = τrefωref,
and ρref are the corresponding reference values
and ch = (ch,0, ch,1, ch,2)

⊺ and cP = (cP,0, cP,1, cP,2)
⊺

are dimensionless coefficients.
From a mathematical perspective, reference val-

ues can be chosen arbitrarily. In practice, however,
they are chosen at the point of best efficiency, also
referred to as the rated conditions (Chaudhry 2014,
sec. 4.3), (Stepanoff 1957). This normalization facil-
itates the comparison of different pumps, as similar
pumps will exhibit similar normalized characteris-
tics. The effect of impeller diameter D on perfor-
mance, described by head h ∼ D2, discharge V̇ ∼
D3, and power P ∼ D5, is implicitly accounted for
through these reference quantities. Therefor pump
scaling can be accomplished by adapting the refer-
ence values accordingly.

An additional advantage of Equation 3 and Equa-
tion 4 is the avoidance of division by zero at zero
discharge V̇ = 0 and/or zero speed ω = 0, which is
essential for initializing simulations from rest. This
contrasts with models within Modelica.Fluid, as
noted in (Wetter 2013). Furthermore, using polyno-
mials of degree higher than two would either violate
the affinity laws or necessitate additional numerical
handling to prevent division by zero.

It is also worth noting that, unlike in (Wetter 2013),
Equation 3 is not constrained to be monotonically de-
creasing. Although the presence of a maximum can
lead to dynamic instability to be avoided in practice,
it is a physically observed phenomenon for centrifu-
gal pumps. While steady-state solvers may fail to
converge at this point, the TFS library does not as-
sume steady-state conditions. Instead, it incorpo-
rates the fluid inertia by default and is capable of
capturing transient behaviors such as surge limit cy-
cles. Consequently, the numerical workarounds de-
scribed in (Wetter 2013) become unnecessary. Nev-
ertheless, Equation 3 and Equation 4 require mod-
ification to qualitatively account for reverse opera-
tion with discharge V̇ < 0, as discussed in section 3.
In order to quantitatively cover all four quadrants of
pump operation, it might be worthwhile to integrate
the approach presented in (Chaudhry 2014, sec. 4.3)
into the TFS in the future. Finally, pump efficiency
is defined as η = ρghV̇/P, where g is the standard
gravitational acceleration.
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2.2 Approximation based on measurement
data

The six coefficients of the quadratic head and power
approximation polynomials ch = (ch,0, ch,1, ch,2)

⊺

and cP = (cP,0, cP,1, cP,2)
⊺ can each be deter-

mined by solving a quadratic polynomial re-
gression, i.e. solving the linear equation sys-
tems A⊺Ach = A⊺bh and A⊺AcP = A⊺bP for the co-
efficients ch and cP respectively, where the matrix
elemets Aij = (V̇i/(V̇refωn,i))

j−1 and the vector el-
ements bh,i = hi/(hrefω

2
n,i) and bP,i = Pi/(Prefω

3
n,i).

Thereby hi, V̇i, ωi and Pi are measurements of head,
discharge, speed and power respectively and ωn,i =
ωi/ωref is the normalized measured speed. If only
measurements at reference speed ωref are used, the
normalized speed ωn,i = 1. The reference quanti-
ties href, V̇ref and Pref can e.g. be defined at maximum
measured efficiency ηref = maxρghiV̇i/Pi, which has
advantages that are shown subsequently. In addition
reference quantities improve the condition number
of the matrix A, since coefficients ch and cP are then
dimensionless and approximately of the same mag-
nitude.

Figure 2 shows measurements and approxima-
tion polynomials of a sample development pump
from the automotive supplier HELLA GmbH &
Co. KGaA. It shows head h, efficiency η and
power P in dependency of discharge V̇ and nor-
malized head h/ω2

n, efficiency η and normalized
power P/ω3

n in dependency of normalized dis-
charge V̇/ωn. The reference speed was arbi-
trarily chosen as ωref = 5440 rpm and the refer-
ence density ρref = 1000 kg/m3. Different col-
ors refer to different speeds ω and measurement
data are highlighted with markers. Approxima-
tion 1 (solid) is based on measurements at refer-
ence speed ωref = 5440 rpm only. In contrast ap-
proximation 2 (dashed) is based on measurements
at all eight speeds ω = 2040 rpm to 6800 rpm. Fig-
ure 2 shows that a transformation based on affinity
laws projects the head, efficiency and power maps
well onto single curves, i.e. the homologeous quan-
tities can be well expressed as a function of ho-
mologeous discharge V̇/ωn. This is especially true
for the head h. In contrast applying affinity laws
for power P overestimates the efficiency η for low
speeds, but the results might still be accurate enough
if off design power at low speed is of minor impor-
tance. Also note that the available torque data at
those low speeds had only one significant digit.

If reference power Pref is defined as Pref =
ρrefghrefV̇ref/ηref one can derive that the efficiency:

η = ηref
x + chx2 − (1 + ch)x3

cP,1 + cP,2x + cP,3x2 , (5)

where x = V̇n/ωn is the homologeous discharge.

Hence applying affinity laws yields efficiency η ∼
V̇/ω, as already shown in Figure 2. Consequently
according to affinity laws efficiency η ∼ V̇/

√
h, since

head h ∼ ω2. Therefor curves of constant efficiency η
are parabolas h = c(η)V̇2, where c(η) is a parameter,
see e.g. (Sigloch 2013, sec. 9.2).

Figure 3 shows the approximated map of a sam-
ple development pump from the automotive sup-
plier HELLA GmbH & Co. KGaA based on mea-
surements at reference speed ωref = 5440 rpm only
(equivalent to approximation 1 in Figure 2) and ex-
tended using affinity laws. Solid lines thereby refer
to the same curves of constant speed ω as displayed
in Figure 2. The reference speed line ω = ωref is dis-
played as thick solid. Dashed lines refer to parabolas
of constant efficiency η and numbers 0.2, 0.5, 0.8, 0.9,
0.95 and 1 refer to the ratio of efficiency to peak ef-
ficiency η/ηref. The peak efficiency curve η = ηref is
displayed as thick dashed.

Even if the dashed parabolas of constant efficiency
in Figure 3 represent the principal pump behavior, it
is well known that the efficiency decreases for off de-
sign speeds ω > ωref and ω < ωref, yielding the well
known pump map shape, see e.g. (Sigloch 2013, fig.
9-14). This is not yet considered by the model, but
by means of a simple modification the model could
in the future be improved by a efficiency reduction
coefficient c(ω) ≤ 1 reducing the peak efficiency of
individual speed curves ηref(ω) = c(ω)ηref(ωref).

Figure 2 furthermore shows, that for (radial flow)
centrifugal pumps quadratic polynomials are suit-
able for the approximation. However note, that
quadratic polynomials may not be suitable to ap-
proximate pumps with higher specific speed, e.g.
mixed flow or axial flow pumps, since their char-
acteristics may differ considerably, see e.g. (Sigloch
2013, fig. 9-16). Specific speed is thereby defined
as (Chaudhry 2014):

ωspecific = ω

√√√√ V̇√
gh3 . (6)

Note that the sample development pump from the
automotive supplier HELLA GmbH & Co. KGaA
has a specific speed of 0.406.

Figure 4 shows mean relative errors of the ap-
proximations as shown in Figure 2 for series of
measurements at constant speed ω. Colors corre-
spond to head h (blue), power P (red) and effi-
ciency η (black). As in Figure 2 approximation 1
(solid) is also in Figure 4 based on measurements
at reference speed ωref = 5440 rpm only and ap-
proximation 2 (dashed) is based on measurements
at all eight speeds ω = 2040 rpm to 6800 rpm. Fig-
ure 4 shows that the mean relative error regard-
ing head h is for all speeds about one order of
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Figure 2. Measurements and approximation polynomials of a sample development pump from the automotive supplier
HELLA GmbH & Co. KGaA.

magnitude smaller than the mean relative error re-
garding power P and efficiency η. The strongest
outlier regarding head h is only 6.0 % and 4.0 %
off for approximation 1 and 2 respectively, which
is remarkable considering that the available head
data at low speeds had only 2 significant dig-
its. Including measurements at all eight speeds
changes the mean error on average only slightly
from errh,ap1 = 1.5 % to errh,ap2 = 1.3 % regarding
head h, from errP,ap1 = 8.2 % to errP,ap2 = 8.7 %
regarding power P, and from errη,ap1 = 9.4 % to
errη,ap2 = 7.7 % regarding efficiency η, where the

subscripts (•)ap1 and (•)ap2 refer to the first and
second approximation respectively. This demon-
strates that the approximation can not really be
improved by including measurements at different
speeds. However both approximations yield signif-
icant errors concerning power and efficiency of up
to 40 % at low speeds, which highlights the need to
extend the model as previously mentioned, if off de-
sign power and efficiency at low speeds matter.

2.3 Comparison of centrifugal pumps
A convenient way to obtain the six head and power
coefficients ch and cP can be achieved by defining:

Centrifugal Pump Model of the DLR Thermofluid Stream Library 
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Figure 4. Mean relative errors of the approximations as
shown in Figure 2 for series of measurements at constant
speed ω.

1. the peak efficiency ηref

2. the head at peak efficiency href

3. the discharge at peak efficiency V̇ref

4. the normalized head at zero discharge h0,n

5. the normalized discharge at zero head V̇0,n

6. the normalized power at zero discharge P0,n

Items 2 to 5 provide three equations for the head co-
efficients ch, which yield:

ch,0 = h0,n , (7)

ch,1 =
V̇0,n

V̇0,n − 1
− h0,n

V̇0,n + 1
V̇0,n

, (8)

ch,2 =
h0,n

V̇0,n
− 1

V̇0,n − 1
, (9)

Table 1. Parameters of approximation 1 (ap1) and approx-
imation 2 (ap2) of the sample development pump from
the automotive supplier HELLA GmbH & Co. KGaA. as
shown in Figure 2. The reference speed ωref = 5440 rpm
and the reference density ρref = 1000 kg/m3.

href V̇ref ηref h0,n V̇0,n P0,n
in m in m3/h in %

ap1 13.5 2.80 60.8 1.11 2.06 0.440
ap2 13.6 2.80 57.9 1.11 2.09 0.403

Table 2. Mean, standard deviation, minimum and max-
imum values of normalized head at zero discharge hn,0,
normalized discharge at zero head V̇n,0 and normalized
power at zero flow Pn,0 for 18 WILO pumps available in
the Modelica Buildings Library (Wetter et al. 2014) .

mean std min max

h0,n 1.273 ±0.128 1.101 1.516
V̇0,n 1.946 ±0.087 1.784 2.090
P0,n 0.499 ±0.099 0.372 0.677

and items 1 and 6 provide three more equations for
the power coefficients cP, which yield:

cP,0 = P0,n , (10)
cP,1 = −2P0,n + ch,0 − ch,2 , (11)
cP,2 = P0,n + ch,1 + 2ch,2 . (12)

Table 1 summarizes the parameters of approxima-
tion 1 (ap1) and approximation 2 (ap2) of the sam-
ple development pump from the automotive sup-
plier HELLA GmbH & Co. KGaA. as shown
in Figure 2. Those six coefficients (plus refer-
ence speed ωref = 5440 rpm and the reference den-
sity ρref = 1000 kg/m3) are sufficient to fully describe
the pump characteristic.

The benefit of this approach is, that head at de-
sign point href and discharge at design point V̇ref
may vary for different pumps according to their re-
quirements. For example the design points of the
18 WILO pumps available in the Modelica Build-
ings Library differ significantly: their peak head href
ranges from 1.4 m up to 22 m, their peak discharge
ranges V̇ref from 2.9 m3/h up to 73 m3/h, their peak
power Pref ranges from 27 W up to 4.2 kW and their
peak efficiency ηref ranges from 24 % up to 77 %.
However the three coefficients: 1) normalized head
at zero discharge hn,0, normalized discharge at zero
head V̇n,0 and normalized power at zero flow Pn,0 dif-
fer much less as listed in Table 2. Hence normalized
pump characteristics differ only to a medium degree
as shown in Figure 5 for 18 WILO pumps available in
the Modelica Buildings Library (Wetter et al. 2014).
Colors in Figure 5 refer to different pumps and the
pump characteristics based on mean parameters as
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Figure 5. Comparison of 18 WILO pumps available in the
Modelica Building Library (Wetter et al. 2014).

listed in Table 2 are marked thick black. The simi-
larity is also based on the fact that the specific speed
only varies from 0.42 to 1.21.

Note that (Sigloch 2013, sec. 9.2) also mentions a
range of normalized power at zero flow of P0,n = 0.4
to 0.6. The peak efficiency ηref is also rather easy to
predict where smaller and/or cheaper pumps usu-
ally reach lower peak efficiencies and larger, more
efficient pumps can reach up to 90 % peak efficiency.

3 Example: Instationary behavior
To extend the pump map to negative discharge V̇ <
0, we adopt the head characteristic of Equation 3 by
replacing the square term V̇2

n by V̇n|V̇n|:

hn = ch,0ω2
n + ch,1ωnV̇n + ch,2V̇n|V̇n| . (13)

Figure 6. Exemplary system to investigate instationary
pump behavior.

Note that this modification is a rather simple qual-
itative extension for negative discharge V̇ < 0 that
is still able to predict the principle physical behav-
ior as the quadratic term originates from friction that
is ∼ V̇|V̇|, see (Sigloch 2013, sec. 9.2). In order to
quantitatively cover all four quadrants of pump op-
eration, it might be worthwhile to integrate the ap-
proach presented in (Chaudhry 2014, sec. 4.3) into
the TFS in the future.

Figure 6 shows an exemplary system to investi-
gate instationary pump behavior. An open reservoir
with a constant discharge m_flow_out = ρV̇out is fed
through a flow resistance by a centrifugal pump at
constant speed w_ref= ωref. Depending on the con-
stant discharge V̇out and on the flow resistance the
system may yield a limit cycle known as surge, such
that the system does not reach a steady-state (Sigloch
2013, sec. 9.2). In this case the system can only be
simulated when considering dynamic effects.

In the following we use head at zero discharge as
new reference head ĥref and discharge at zero head
as new reference discharge V̂ref:

ĥref = hrefch,0 , (14)

ˆ̇Vref =
V̇ref
2ch,2

(
−ch,1 −

√
c2

h,1 − 4ch,0ch,2

)
, (15)

which simplifies Equation 13:

ĥn = ω2
n + ĉωn

ˆ̇Vn − (1 + ĉ) ˆ̇Vn| ˆ̇Vn| , (16)

where ĥn = h/ĥref and ˆ̇Vn = V̇/ ˆ̇Vref are normalized
head and discharge and ĉ is a coefficient:

ĉ = ch,1
href

ˆ̇Vref

ĥrefV̇ref
. (17)

The limit cycle can only occur when the dis-
charge V̇out is less than the critical discharge at max-
imum head V̇out ≤ V̇crit. The corresponding critical
normalized discharge can be derived based on the
condition dĥn/d ˆ̇Vn = 0 at reference speed ωn = 1 as:

ˆ̇Vn,crit =
ĉ

2(1 + ĉ)
. (18)

We consider a constant reservoir discharge V̇out =
1/2V̇crit such that surge may occur depending on the
system characteristics.

Centrifugal Pump Model of the DLR Thermofluid Stream Library 
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Surge occurs, if the pump- and system character-
istics do not intersect anymore. In the limiting case
that means that pump- and system characteristics are
tangential for the constant reservoir discharge V̇out:

dĥp,n

d ˆ̇Vn

∣∣∣∣∣ ˆ̇Vout,n

=
dĥsys,n

d ˆ̇Vn

∣∣∣∣∣ ˆ̇Vout,n

, (19)

where ĥp,n = hp/ĥref, ĥsys,n = hsys/ĥref and ˆ̇Vout,n =

V̇out/ ˆ̇Vref are the normalized pump head, system
head, and reservoir discharge.

To be able to derive analytical results later on, we
assume a constant friction factor k for the system
characteristics. Furthermore the normalized friction
factor k̂ is introduced:

∆psys = kṁ |ṁ| , (20)

=⇒ ĥsys,n = k̂ ˆ̇Vn

∣∣∣ ˆ̇Vn

∣∣∣ , k̂ = k
ρ ˆ̇V2

ref

gĥref
. (21)

Then Equation 19 yields the critical normalized fric-
tion factor k̂crit:

k̂crit =
ĉ

2| ˆ̇Vout,n|
− (1 + ĉ) , (22)

such that a normalized friction factor k̂ ≤ k̂crit yields
surge.

Figure 7 shows simulation results of the exem-
plary system (Figure 6) for five different friction
factors k = αkcrit with coefficient α = 0, 0.5, 0.98,
1.02 and 2 (different colors). The ambient pres-
sure p_inf = p∞ = 1 bar, the cross sectional area
of the reservoir A = 100 cm2, the initial height of
the reservoir hR,0 = 13 m, the initial pump dis-
charge V̇(0) = 0 m3/s, the density and reference den-
sity are ρ = ρref = 1000 kg/m3 and the overall iner-
tance L = (4 × 0.01)/m. The constant reservoir dis-
charge V̇out = 0.5V̇crit = 0.512 m3/h yields a critical
friction factor kcrit = kcrit = 8.92 × 104 Pas2/kg2.
The example is a second order system of nonlinear
differential equations:

Lρ
dV̇
dt

= ∆pp − (∆psys + ρghR) , (23)

A
dhR

dt
= V̇ − V̇out . (24)

Note that the implicit part is linear (it is even diago-
nal and regular for L, A ̸= 0), so it is a trivial task to
solve the system for its states x = (V̇ , hR)

⊺, which is
generally the case for the TFS.

Figure 7 shows that discharge V̇ increases quickly
from rest and reaches a quasi-static equilibrium
shortly after initialization, since the flow rate dy-
namics limited by the inertance L are a lot faster than
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Figure 7. Instationary pump simulation for different pipe
characteristics.

the reservoir dynamics and hence often the influence
of the flow rate dynamics can be neglected and the
system is quasi-static with respect to the flow rate
dynamics.

The initial quasi-static discharge V̇0+ depends on
the system characteristics and hence on the coef-
ficient α. The higher the coefficient α, i.e. the
more friction, the lower the initial quasi-static dis-
charge V̇0+. Afterwards the reservoir height hR in-
creases (time t ≤ (1 to 2)min) and the discharge V̇
decreases. For coefficients α = 1.02 and 2 the pump
discharge V̇ decreases until it balances the reservoir
discharge V̇out and the system reaches steady-state
(st). The larger the coefficient α, i.e. the more friction,
the lower is the steady-state reservoir height hR,st.

In contrast for coefficients α = 0, 0.5 and
0.98 the system yields a limit cycle, with critical
points (I), (II), (III) and (IV). Note that the critical
discharges V̇I to V̇IV, the critical minimum and maxi-
mum reservoir heights hR,min and hR,max, the periods
of the positive and negative limit cycle T+ and T−
and the overall period T = T+ + T− depend on the
coefficient α.

Figure 8 illustrates the quasi-static system be-
havior, defined by the intersection of the system
characteristics (dotted) and the pump characteris-
tics (solid). The three subplots and their respec-
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Figure 8. System behaviour for different pipe characteris-
tics.

tive colors correspond to the three values of the co-
efficient α = 0, 0.5 and 2. The y-axis intercept of
the system characteristics represents the reservoir
height hR, and the curvature is proportional to the
coefficient α. In contrast, all three subplots share the
same pump characteristic since the pump speed ω is
identical.

Initially, it can be observed that different val-
ues of α lead to different quasi-static initial dis-
charges (0), resulting in different initial net inflows
to the reservoir V̇0+ − V̇out. Consequently, the reser-
voir height hR increases more rapidly for α = 0 com-
pared to α = 2. As the reservoir height hR increases,
the system characteristics shift vertically. The new
intersection between the shifted system characteris-
tics and the pump characteristics results in a decreas-

ing pump discharge V̇, thereby slowing the increase
of the reservoir height hR. This quasi-static evolution
is indicated by filled arrows ( ).

For α = 2, the system eventually reaches the
steady-state point (st), where the net inflow V̇ − V̇out
becomes zero, and the reservoir height hR remains
constant. This point is stable because any small devi-
ation would still lead to an intersection between sys-
tem and pump characteristics, generating a restoring
effect that drives the system back to steady state.

In contrast, for α = 0 and 0.5, the system
reaches the critical point (I) before achieving steady
state (st). At this point, the net reservoir inflow V̇ −
V̇out remains positive, and the reservoir height hR
continues to rise. However, beyond the critical
point (I), no quasi-static intersection exists. The
reservoir pressure decelerates the fluid, reducing the
pump discharge V̇, which in turn further decelerates
and eventually reverses the flow. A new quasi-static
equilibrium is reached only at the reversed pump
discharge (II). During the rapid transition from (I) to
(II), the pump (solid) and system (dashed) character-
istics remain valid, and the pressure difference be-
tween them causes a sharp deceleration of the fluid.
Meanwhile, the reservoir height remains approxi-
mately constant hR = hR,max. This fast transition is
marked with arrows ( ).

At point (II), the net inflow V̇ − V̇out becomes neg-
ative, causing the reservoir height hR to decrease.
The intersection between the shifted system charac-
teristics and the pump characteristics now evolves
quasi-statically again ( ). However, before reach-
ing steady state (st), the system encounters the
next critical point (III). At this point, the reservoir
height hR becomes too low to sustain reversed flow
through the pump. The fluid is then accelerated by
the pump, increasing the discharge V̇, which fur-
ther accelerates the fluid until a new quasi-static in-
tersection is reached at point (IV). During the rapid
transition from (III) to (IV), the pump (solid) and
system (dashed) characteristics are again satisfied.
The resulting pressure difference drives the flow re-
versal, while the reservoir height remains approxi-
mately constant hR = hR,min. This fast transition is in-
dicated by arrows ( ). The limit cycle then repeats,
preventing the system from reaching the steady-state
point (st).

3.1 Analytic verification

The behavior is well known, see e.g. (Sigloch 2013,
sec. 9.2). To confirm the previous simulation results,
analytic results are derived in the following.

First note that the critical discharges V̇I to V̇IV
and the maximum and minimum reservoir
heights hR,max and hR,min can be determined
analytically by evaluating Equation 19 for given
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normalized friction factor k̂, which yields:

ˆ̇VI,n =
ĉ

2(1 + ĉ + k̂)
, (25)

ĥR,max,n = 1 + ĉ ˆ̇VI,n − (1 + ĉ + k̂) ˆ̇V2
I,n , (26)

ˆ̇VII,n =
ĉ +

√
ĉ2 − 4(1 + ĉ + k̂)

(
1 − ĥR,max,n

)
−2(1 + ĉ + k̂)

,

(27)
ˆ̇VIII,n = − ˆ̇VI,n , (28)
ˆ̇VIV,n = − ˆ̇VII,n , (29)

ĥR,min,n = 1 − (ĥR,max,n − 1) . (30)

Solving the second order system of nonlinear dif-
ferential equations (Equation 23 and Equation 24)
analytically is not trivial, but neglecting the flow rate
dynamics, i.e. for zero interance L = 0, Equation 23
becomes analytic. Then one combine Equation 23
and Equation 24 and derive the first order nonlin-
ear differential equation for the normalized reservoir
height ĥR,n:

dĥR,n

dτ
= − ˆ̇Vout,n ± ˆ̇VI,n

(
1 +

√
1 ± γ(1 − ĥR,n)

)
,

(31)
where τ = t/tref is the normalized time, tref =

Aĥref/ ˆ̇Vref is the reference time, γ = 4(1 + ĉ +
k̂)/ĉ2 is a coefficient and (±) refers to the positive
branch V̇ > 0 and negative branch V̇ < 0 of the limit
cycle respectively. The first order differential Equa-
tion 31 can be solved analytically for each branch of
the limit cycle, and one can obtain an implicit solu-
tion of the normalized reservoir height ĥR,n depend-
ing on the normalized time τ:

τ = f±(ĥR,n)− f±(ĥR,0,n) , (32)

f± = − 2
ˆ̇V2
I,nγ

(
ˆ̇VI,ng±+

+ (± ˆ̇Vout,n − ˆ̇VI,n) ln
∣∣∣∓ ˆ̇Vout,n +

ˆ̇VI,n(1 + g±)
∣∣∣) , (33)

g± =
√

1 ± γ(1 − ĥR,n) , (34)

where f and g are auxiliary variables and ĥR,0,n is the
initial normalized reservoir height. This also enables
the calculation of the periods corresponding to the
positive and negative branches of the limit cycle T±:

T+/tref = f+(ĥR,max,n)− f+(ĥR,min,n), (35)

T−/tref = f−(ĥR,min,n)− f+(ĥR,max,n) , (36)

and the overall period of the limit cycle T =

T+ + T−, where g+(ĥR,max,n) = g−(ĥR,min,n) =
√

2
and g+(ĥR,min,n) = g−(ĥR,max,n) = 0.
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Figure 9. Comparison of analytical and dynamic simula-
tion results for one limit cycle.

Figure 9 compares the analytic solution based
on eqs. (32) to (34) (solid lines) with the numeri-
cal simulation results (dashed lines) of the first limit
cycle as shown in Figure 7 that starts for α = 0 at
about 1 min 20 s, for α = 0.5 at about 1 min 50 s and
for α = 0.98 at about 2 min 30 s. Colors refer to co-
efficients α = 0, 0.5 and 0.98. Both results agree very
well, i.e. Figure 9 verifies the analytic solution and
the simulation model.

Figure 9 demonstrates, that the effect of the fluid
inertia L is small, however considering its effect is
crucial to solve the system. It is well known that non-
linear equation solvers may fail at the limit points (I)
and (III), since a slight change in reservoir height ḣR
causes a large change in discharge V̇ if Equation 23
is solved algebraically (L = 0). There is no certainty
that the solver of the nonlinear algebraic equation
will converge at this step change in discharge. This
is especially true for larger algebraic systems of non-
linear equations. When considering the effect of the
fluid inertia the nonlinear algebraic equation turns
into the differential equation. The implicit part of
the system of differential equations is linear and it
is a trivial task to solve for its states. From a physical
point of view the dynamic equilibrium always ex-
ists and the implicit time integration method, which
also has to solve a nonlinear equation system at ev-
ery time step, is guided into the correct direction in
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which the system will evolve. To be able to use an ex-
plicit time integration scheme the inertance L and the
time step size have to match. In the future it might be
promising to increase the inertance L up to a certain
limit to enable real time simulation.

The example showed, that the simulation of limit
cycles are possible with the TFS by default, since it
takes the fluid inertia into account and avoids the
common oversimplification of requiring quasi-static
behavior. This actually simplifies the component
models, since numerical modifications, as presented
in (Wetter 2013), are no longer necessary. Note that
while analytic calculations may help to verify simu-
lation models for simple examples, modifications are
very likely to cause analytic calculations to be neither
possible nor feasible anymore. In these cases numer-
ical simulation can still provide the opportunity to
gain insight into system dynamics, if the simulation
models proofed to be based on the correct physics.

4 Conclusion and Outlook

The proposed model for a centrifugal pump has
proven to be a numerically robust model. The possi-
bility to work with real pump behavior allows for in-
stationary simulations. This is especially important
when fault scenarios must be simulated. This also al-
lows for a robust initialization of the models, as the
model behavior follows the behavior from the real
world. Fitting the pump data is simple, as no special
care has to be taken to avoid instationary solutions,
as the model can handle these well. An example
of an instationary pump model has been validated
against the theoretical solutions with an extremely
well correlation. Furthermore, the models have been
validated against data from measurements. The
models have been validated for pump head, power
and efficiency over a wide range of pump speeds:
The pump head fit at all speeds stays very good
(lower than 1 % relative error for speeds around ωref,
lower than 3 % relative error at ω < ωref/2). The
pump power fits the reference data well around ωref
with errors of approximately 2 %. Even at ω = ωref/2
the error is smaller than 10 %. However at speeds
below ω < ωref/2 the error quickly grows to around
40 %. A similar behavior can be seen for the pump
efficiency: at ωref/2 < ω < 1.25ωref the relative er-
ror stays below 5.5 %, quickly growing to 45 % below
half the reference speed. Hence it might be worth
considering a decreasing peak efficiency at off de-
sign speeds as an extensions to similarity laws to ob-
tain the well known pump characteristics. To fur-
ther improve the model and quantitatively cover all
four quadrants of pump operations, the approach
presented in (Chaudhry 2014, sec. 4.3) is planned to
be integrated into the TFS in the future.
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