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Abstract

Contact collisions are prevalent in mechanical multi-body
systems and have always been a significant limiting factor
for engineering technology development. This paper
examines the fundamental types of contact in multi-body
dynamics systems and explores their inherent topological
relationships. Based on the multi-body dynamics theory
and penalty function contact algorithm, this paper
constructed the multi-body dynamics contact model using
Modelica, which is a multi-domain unified modeling
language. To enhance the applicability of the contact
model library in the modeling of multi-body system, the
contact model provides a connection interface compatible
with the multi-body library in the Modelica standard

library.

Keywords: Contact, multi-body dynamics, penalty
function, Modelica, MWORKS

1 Introduction

Multibody  dynamics primarily investigates the

relationships between forces and motion among multiple
bodies. In actual multibody dynamics systems, the
majority of the relationships between bodies are contact-
based. In multibody dynamics simulations, it is
challenging to simulate the contact relationships between
objects with precision. Consequently, conventional
contact relationships are transformed into modeling
components, such as motion pairs to enhance modeling
efficiency and simulation accuracy. Nevertheless, there
exist numerous simulation scenarios where modeling
using contact relationships between geometric entities is
necessary and cannot be simplified, such as simulation of
cam mechanism motion, quadruped robot gait simulation,
and Contact process between gears (Dahl M et al. 2017)
(Bortoff S A 2020). Currently, basic contact analysis
functions are necessary for multibody dynamics software.

Various contact modeling methods have been proposed
to address diverse engineering application problems. For
instance, Magalhaes H et al. proposed a modeling idea
applied for the orbital dynamics contact model based on
the Hertzian contact theory (Magalhdes H et al. 2020).
Additionally, Dahl M et al. introduced a modeling method
that applies the Hertzian contact algorithm to the gear
contact process (Dahl M et al. 2017). Safaeifar H et al.
addressed the issue of hysteresis damping coefficient and
proposed a novel modeling approach (Safaeifar H et al.

2020). Bortoff S A et al propose an implicit, event-driven,
penalty-based method for modeling rigid body contact and
collision in the design and analysis of control algorithms
for precision robotics (Bortoff S A 2020).

Referring to the penalty function contact algorithm, this
paper constructs a rigid body dynamic contact model
library based on the Modelica language and the reusable
Modelica mechanical library. Devoted to enhancing the
contact analysis capabilities of the Modelica language
within the domain of rigid body dynamics. At present,
numerous scholars have developed a variety of rigid body
dynamic contact model libraries based on the Modelica
language. Oestersotebier F et al. employed the geometric
analysis method to establish a contact model library
specifically for simple contact surfaces (Magalhdes H et
al. 2020). Furthermore, Hofmann A and Otter M et al.
implemented a collision library, utilizing a penalty-based
collision approach and incorporates the Bullet Physics
Library for collision detection(Hofmann A et al. 2014)
(Otter M et al. 2005).

Currently, most mainstream multibody dynamics
simulation software features contact analysis function,
which is considered as a crucial technical indicator. Multi-
body dynamics simulations generally involve the analysis
of geometric, mechanical, and mathematical models. The
geometric model provides an intuitive representation of
the model structure. The mechanical model expands on
the geometric model by adding four mechanical elements:
kinematic constraints, driving constraints, force elements,
and external forces or torques. These elements are
assembled according to the kinematic constraints and
initial position conditions. This assembly process utilizes
a solver to compute the expression and establish a
mechanical model. The solver generates the coefficient
matrices for the system motion equation of the mechanical
model. These matrices can be utilized to derive the
system's mathematical model and analyze the model's
kinematic and dynamic characteristics.

MWORKS.Sysplorer is a system-level integrated
platform for the design and simulation verification of
multi-domain industrial products that fully supports the
Modelica unified modeling standard across multiple
domains. This paper aims to develop a contact model
library utilizing the capabilities of this platform.
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2 Basic Concept
2.1 Contact Mechanism

Contact friction arises when two distinct surfaces make
contact and interact through rubbing, creating a contact
state characterized by friction. In the field of physics,
surfaces in contact demonstrate the following properties:
(1) they prevent penetration; (2) they can transmit both
normal pressure and tangential friction forces; (3) they do
not transmit normal tensile forces. These characteristics
enable free separation among surfaces.

2.2 Penalty Function Method for Contact
Mechanism

In the case of contact between rigid bodies, the contact
force can be calculated using a spring-damper model that
takes into account the penetration depth, resulting in a
force, and the penetration velocity, leading to a damping
force, between the bodies. To calculate the contact force
between bodies in such scenarios, the spring-damper
model is frequently employed(Machado M et al. 2012).
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Figure 1 Two-dimensional point-face contact force equivalent
schematic

Currently, there are two methods available for
computing contact forces in multibody systems: the
regression-based and penalty-based contact algorithms.
The penalty-based contact algorithm is generally
smoother and faster in numerical simulation. The contact
model in this study is established solely using the penalty-
based contact algorithm. When calculating the contact
force between two components using the impact function,
it is mainly composed of two parts: the elastic force
generated by mutual penetration and the damping force
generated by relative velocity. The generalized form can
be expressed as:

F=K&"+C(6)V (1) (1)
In which,
F— Normal contact force, measured in N.

K— Contact stiffness, measured in N/m. Generally, a
higher stiffness value makes numerical integration more
difficult, but if it is too small, the contact situation of the
component cannot be accurately simulated. Usually, the
contact stiffness is set to 10*8 N/m, The reasonable range
of stiffness values can be estimated by Hertz contact
theory.

n — Force exponent, used to calculate the contribution
value of the material stiffness term in the instantaneous
normal force. For contact with high stiffness, n >1
otherwise n <1. For metals, it is usually taken as 1.3~1.5,
and for rubber, it is usually taken with a typical value of
L.5.

6 — Penetration depth between objects, a variable that
depends on time, measured in mm.

C(6) — Contact damping as a cubic function of
penetration depth, measured in Ns/m, Generally, 0.1~1%
of the stiffness value is taken.

V(t) — Normal relative velocity between contact
objects as a function of time, measured in m/s.

In this paper, the contact penetration depth is used to
characterize the size of the contact force, mainly
considering that the contact model is constructed based on
three geometric elements: point, line and surface. It is
more intuitive to calculate the contact force between
points, lines and surfaces by using penetration depth, and
it is easy to expand in building complex geometric contact
models.

If the normal penetration depth of the contact point is
less than the critical penetration value, the damping force
varies cubically with the penetration depth. Conversely, if
the penetration depth is greater than or equal to the critical
value, the damping force will attain its maximum value,
as illustrated in the following figure:
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Figure 2 Relationship curve between damping and penetration
depth

Firstly, the essence of the penalty function contact
algorithm can be analyzed through the point-surface
contact model. According to the diagram, contact is
deemed to transpire when the distance between the point
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and the surface is below zero, signifying the penetration
of the two rigid bodies.
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Figure 3 Two-dimensional schematic diagram of point-surface
contact

Here, the penetration depth §(t) = max {(R + b) —
p(t),0} >0 is used to characterize the degree of
penetration between the two rigid bodies. A contact is
considered to exist when 6(t)>0, with larger values
indicating a more pronounced penetration phenomenon
and resulting in greater interaction forces. In this paper,
when the rigid bodies are in contact, the normal pressure
generated by the contact between the rigid bodies is
equivalently modeled using a spring-damper model, and
its value is related to the penetration depth §(t) and the
relative velocity V,(t) of the surface normal. The specific
expression is as follows:

Contact elasticity:

o [ maxKS" 0+ CE@W, ().05 60>0]  (2)
- 0 5()<0

Contact damper:
C(5) = Step(5,0,0,5m,C

) 3)

The friction force Fy generated by the contact between
rigid bodies is equivalent to a velocity based Coulomb
friction model, and its value is calculated according to the
contact force F and friction coefficient u. The friction
coefficient is related to the relative slip velocity V;(t) of
the two objects in contact(Sextro W et al. 2003).

Fy=F-u(V,(1)) 4)

According to the difference of the relative sliding speed
of the two contact objects, the friction process transitions
between dynamic friction and static friction. The
equivalent formula of friction coefficient and slip velocity
is calculated by a cubic step function. The expression of
the cubic step function is as follows:

Step(x, Xy, hy, X, ) =

hy xX<X,

h0+[(h,—/w(x—xo>2][3<x,—xn)fz(xfxuj (>x, (5)
(5 =x,)* X =X &x <h)

hy else

The specific expression of friction force is as follows:

(6)

V; is the relative slip velocity corresponding to the
maximum static friction;

Cy; is static friction coefficient;

Vi is the relative slip velocity corresponding to the
dynamic friction;

Cqy 1s the coefficient of dynamic friction.

The following diagram shows the relationship between
the friction coefficient and the relative slip velocity.

u=Step(V,(),V,,=L,V,.1)- Step(abs(V,(0), V., C,,.V,..C,,)
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Figure 4 Relation curve of friction coefficient and
relative slip velocity

When the slip velocity gradually increases, the friction
coefficient gradually increases from 0 to 0.2 of static
friction, and then gradually transitions to 0.1 of dynamic
friction.

According to the above formula, it can be seen that the
value of the interaction force is only related to the velocity
vector V;(t) and the penetration depth &(t) between the
rigid bodies. The wvelocity vector V.(t) can be
conveniently obtained using the Modelica multi-body
library, and only the penetration depth value §(t) needs to
be calculated. Therefore, the essence of contact algorithm
is actually the process of calculating the penetration depth

5(t).
3 Overview of Contact Model Library

The contact model library mainly includes examples
library, basic component library, friction component
library, function library and icon library. The basic
component library provides 9 typical contact models,
mainly including Sphere-line contact, Sphere -surface
contact, and line-line contact. On this basis, six contact
models are derived, including line-surface contact, Sphere
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-curve contact, Sphere -cylinder, line-cylinder, and Sphere
-to- Sphere contact. Each model takes into account the
contact force and friction characteristics between rigid
bodies, and has a mechanical connection interface, which
is compatible with the Modelica multi-body library. The
friction component library serves the purpose of
calculating the friction force during object contact and
forming the contact model components. The function
library mainly includes the penalty function contact
algorithm function, the damping coefficient calculation
function and the geometric analysis algorithm function,
etc., which are called repeatedly during the contact
simulation. The resulting library structure is illustrated in
the accompanying figure.

v~ = TYContactlib
i UsersGuide
P Examples
w2 BasicElements
Compaonents
1 SphereToSphere
' SphereToline
.1 SphereToDisc
' SphereToPolygon
.+ SphereToCurve
' SphereToSpline
" 1 SphereToConsical
' LineToLine
' LineToConsical
FrictionElements
F ContactFunction

1 lcons

Figure 5 The structure of contact model library

4 Implementation of Contact Models

Based on MWORKS.Sysplorer platform and Modelica
mechanical standard library, this paper uses Modelica
language to build the contact model mentioned above. The
platform has an open Modelica model library
customization function to meet different modeling needs.
Provides model text, model ICONS, components and
other views of the model browse and edit. Support curve
display of result data, 3D animation display and rich curve
calculation and operation functions.

When analyzing the dynamic process and kinematic
process of multi-body contact, the model must describe
not only the contact force and contact friction force
resulting from the interaction between rigid bodies but
also consider the geometric shape information of the
objects to determine the contact state and contact area. The
following modeling ideas can be employed:

Calculates relative position and attitude
information from the frame interface

I

Calculate the penetration depth and contact area
between point/line/plane geometry elements

Whether the contact
point is within the
contact area

Judge the contact state
by the depth of
penetration

uncontacted

8(1) =0

| Calculated contact force

| Dynarnic solution iteration I

Figure 6 Modeling approach for contact models

The contact model serves as a bridge that connects the
multi-body models in the Modelica standard library. It
acquires the pose information between rigid bodies
through the frame interface, and utilizes the geometric
information of the relative local coordinate system
between two rigid bodies as parameters to analyze the
contact state between their geometric elements.

world

s

c= 100

r={0, 0.08, 0}
spring n={0, 0, 1} =0, 0, 0} J
= s

revolute1

revolute body1

e 3

n=(0,0, 1} ={0, 0, 0}

n=(0, -1, 0}

fixed prismatic

Figure 7 Example of a multibody model including contact

The example model, depicted in the above figure,
references the body module from the multi-body library.
Users can define the shape of the object according to the
actual situation or import geometric models in specific
formats. Additionally, users are required to set the
geometric data of the object as parameters in the contact
model in accordance with specific formats.

5 Contact Detection

The contact algorithm solves only the problem of
determining the acting force when contact occurs between
rigid bodies. The contact process between rigid bodies
involves considering the contact area between the
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geometric elements of the rigid bodies. For instance, when
dealing with the contact problem between a point and a
plane, this article addresses the contact process between a
point and a finite surface region. Thus, the key to
developing a geometric contact model is determining
whether the geometric elements lie within the boundary
region.

outside of

Figure 8 Schematic diagram of point-surface contact area
between cubes

This paper mainly refers to the discrete element method
and the geometric analysis method to detect the contact
area(Oestersotebier F et al. 2014) (Elmqvist H et al. 2015)
(Van Den Bergen 2003). Here, this paper based on the
theory of geometric graphics, all rigid bodies are
described by basic geometric figures such as points, lines,
and surfaces, so that the contact problem between rigid
bodies can be transformed into the contact problem
between three geometric elements. In addition, in order to
improve the efficiency of the software to solve the model,
all the contact models constructed in this paper use the
geometric analysis method to analyze the contact state
between objects.

5.1 Point-Line Contact Boundary Detection

Point-line contact involves two main issues: calculating
the distance between a point and a line, and determining
whether a point is within the line segment. The diagram
below shows how to determine if a point lies within the
line segment.

o«

Frame b

Contact =(u<7/2)n(v<z/2)n(S(t) >0

Figure 9 Point-segment region judgment schematic diagram

With frame_a as the reference frame, calculate ab, ap,
bp respectively, and then calculate the angle u between
the vectors ab and ap, as well as the angle v between the

vectors ba and bp .When u < /2 and u > m/2, it is
judged that the point p is in the accessible area of the line
segment ab. When the penetration depth §(t) > 0 occurs,
there will be contact force between the two rigid bodies.

5.2 Point-Surface Contact Boundary Detection

In fact, any polygon or curved surface can be made up of
several triangular surfaces. Therefore, solving the
problem of determining the region between points and
triangular surfaces enables the easy solution of the
problem of determining the region of complex geometric
bodies. This article uses the centroid method and the
schematic diagram below to determine whether the point
lies within the region of the triangular surface.

A =0,v=0) v, Clu=1,v=0)

UV, 0
Figure 10 Point and Triangle Face Region Judgment Diagram

Algorithm for determining if a point is within a triangle
face region:

_ (Vl 'Vl)'(vz 'Vo)_(vl 'vo)'(vz 'Vl) >
Vo ve) - v)=(vy - v)- (v - v) -
_ Vo v)- (v, )= (vy - v)- (v, ) >
(Vo 'Vo)'(vl 'Vl)_(vo 'vl)'(Vl 'Vo) -

(7

When u, v > 0 the contact point is inside the triangle
area, contact force calculation will be performed.
Otherwise, contact force calculation will not be performed.
To determine whether a point is inside a rectangular area,
it can be divided into two triangular areas, which makes it
possible to perform the contact force calculation.

5.3 Line-Line Contact Boundary Detection

The point-surface contact algorithm in the example of
contact between cubes only considers the process of
vertex-surface contact. To prevent interference issues, as
illustrated in the figure, multiple geometric points on the
geometric body must be selected for contact calculations
with the surface. However, the number of geometric
points significantly affects the model's solving efficiency
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and accuracy. Therefore, for computational efficiency, an
analytical method should be used to establish a line-line
contact model instead.

Figure 11 Cubic Contact Interference Phenomenon
Considering Only Point-surface Contact

The line-to-line contact model requires consideration of
two situations: contact between coplanar line segments
and contact between non-coplanar line segments. The
former can be achieved by point-to-line contact, while the
latter involves determining the positional information of
the contact points at each moment, as the contact point
between non-coplanar line segments changes over time.
To address this, this paper proposes the use of the theory
of perpendicular lines, which establishes that there is only
one straight line perpendicular to two non-coplanar lines.
By calculating the vector information of the perpendicular
line, the distance between contact points at each moment
and the penetration depth §(t) can be determined.

D(x,,y,.2,) D
B(x,.9,.%,) common
perpendicular \ p
’ b
___________ p?J P;.y-"
common B
perpendicular
A(xl 4 yl > :1 ) A
C(xsayja:j)
O<mmn<l m>10<n<l1

Figure 12 Schematic diagram of line-line contact judgment
method

The specific algorithm is shown in the figure above.
Assuming that there are two line segments AB and CD in
space, P, and P, are the intersection points of line
segments AB and CD with the common perpendicular,
and the coordinate values of P, and P, can be described
by the following equations.

X =x+m(x,—x)
B, =Y =y +m(y, = »)
Z=z,+m(z,-2z)

®)

U=x,+n(x, —x,)
B =V =y;+n(y,-y)
W=z, +n(z, —z,)

When 0 < m,n < 1, it indicates that P, and P, are on
line segments AB and CD. Otherwise, P, and P, are on
the extended lines of the respective line segments AB and
CD respectively. With the expressions of P, and Py, the
distance between the two points can be calculated as
follows:

PB=\(X-Uy+Y V) +(Z-W)

©

To find the common perpendicular of two line segments
is equivalent to finding the minimum value of P,, Py:

min f(m,n) = (X ~UY +(Y =V) +(Z-WY’ (10)

Then taking the partial derivative of the function
f(m,n) with respect to m,n, a system of two linear
equations in two variables can be obtained:

of (m,n) _ 0
om

of (m,n) -0
on

(11)

With the above equation system, we can obtain the
value of m,n and determine the distance and position
vector between the contact points. Utilizing this
information, we can apply the contact algorithm formula
to develop the line-line contact model. The application of
the line-line contact model ensures that the
aforementioned interference problem is eliminated in the
cubic contact simulation results.

Frame 2

Figure 13 Schematic diagram of point and cylinder contact
judgment method
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6 Model Extension

6.1 Contact between Point and Cylinder
Surface

Drawing on the modeling ideas for point-line contact, it
can be extended to the modeling of point-cylinder surface
contact, as depicted in the following schematic diagram.
By obtaining the position vector of the current point
element (P1\P2) relative to the coordinate system LCI of
the cylinder geometry, combined with the position vector
of the line element endpoints relative to the cylindrical
geometry coordinate system, the spatial geometric
information of which line segment the point element is
about to contact can be obtained in real-time.

Figure 14 Geometric information diagram of contact line
segment

6.2 Point-Curve Contact

The point-curve contact model is equivalent to the point-
line contact model with multiple line segment elements,
and is based on the point-line contact modeling algorithm.
To create the point-curve contact model, geometric
information from several points on the curve is read, and
cubic spline interpolation is performed to fit the curve.
The interpolated curve is then discretized into line
segments. By selecting more discrete points, the contact
curve can be made to resemble the actual curve more
closely.

Sphere

Contact

line segment

Sx)=F(x)
Fx)=r1G)
S@)=1(x)

f(x)=0

Figure 15 Realization method of contact between point and
spline curve

The cubic spline interpolation algorithm actually
divides the curve interval [a,b] into n intervals
[(xg,x1), (%1,%3), ..., (Xp_1,xn)], With a total of n + 1
points. Each interval is described by a cubic spline
function:

‘(X)=ax’ +bx’ +cx+d.
1 1 1 1 1

(12)

The cubic spline interpolation should satisfy the
following conditions:
(1). Each segment should be a cubic spline function;

(2). It should satisfy the interpolation condition, i.e.,
fix) = yi(i = 01, .., m);

(3). The curve should be  smooth,
(), f'(x), f"(x),should be continuous.

7 Simulation Results

ie.,

The main objective of this chapter is to focus on the
aforementioned contact model. It presents three
representative examples implemented in MWORKS and
utilizes the Dassl algorithm for solving and analysis.
Example 1: Simulating the contact process between a
ball with a radius of 30mm and a disk with a radius of
250mm. The z axis of the disk is connected with the world
coordinate system by a rotating pair, and a position sine
excitation is applied to the rotating pair to analyze the
motion of the ball under the action of contact force. The
following example demonstrates the construction process.

position
- *

exact=
phi_ref true
.

Positionexcitation

world

i

Yvy 2
e
n={0, 0, 1} B 5
X revolute1 - %
Sphere SphereRoundplate =
O= O —
m=0.8822723145
fixedFrame1 fixedFrame
y A y A
X .z k x L ozb
-~ RN ~ N

Figure 16 Sphere falling on a swinging round plate

[BETD

s w C

Figure 17 Animation of a sphere falling on a swinging round
plate
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Figure 18 The displacement curve in the Y direction of the
center of the sphere

The simulation results are compared with those
obtained from Adams, a commercial dynamic simulation
software. Figure 17 depicts the simulated curves with 2s.
The curves of the two simulation results are in good
agreement, and the cumulative error of the position at 2s
is 1.6mm.

Example 2: The linear contact model is utilized to
simulate the operational principle of the differential.
Initially, an equal resistance moment is applied to both
wheels, causing them to rotate at the same speed.
Subsequently, the resistance moment on the left wheel is
increased, leading to the occurrence of differential
behavior between the two wheels.

revolute

n=(0,0, 1} revoluted

frame

wref

-

s 3
a8 2 o]
2 & a
- = 2
w2 Shaft_Left Gear_Left z
T 2
: Qe

revolute!  n=(0,0, 1} r={0, 0, 0.08} r=r

0={0.0.1}  revolute Shaft_Right Gear_Right

-a@e

r={0, 0,-0.08}

rer
Tire_Right

x
>
b}
g >
> 200 p

Friction realExpression2

Figure 19 An example of the application of the line contact
model

Frame 3

Figure 20 An example animation of a line-line contact model
(In the figure, the single arrow is the interacting force vector
and the double arrow is the interacting torque vector)

I e Right tire anguler velocity ------ Left tire anguler velocity ‘

20 [ rime = 17
| (Right tire anguler velocity) = -0.38778437857369

Z (Left tire anguler velocity) = -71.605825582059
o -
o 0
T,
— -
>
=
U -20
K]
(Y -
>
-
8 -40 4
3
(=)} i
c
<
@ -60
=
[ g - s

-80 1

T T T T T
0 5 10 15 20

t[s]

Figure 21 Curve of speed change of two tires

From the graph, it is evident that initially both wheels
have the same resistance and speed. However, at 10s,
when a resistance moment is applied to the right wheel, a
differential phenomenon arises between the two wheels.
The speed of the right wheel approaches zero, while the
speed of the left wheel doubles its original value.

Example 3: Apply point and curve contact to construct
the following two high pair transmission processes.

. g
timeTable 13
| position

R _
— v_ref T exact= g8
s false = g
offset=0 [7 L2
- o

T

bodyShape &l
J & 8
2 T .-
a <% ]
& =

_
i

bodyShape1 revolute1
r=r n={0, 0, 1}

Figure 22 Example of application of point and spline contact
model

786

Proceedings of the Modelica Conference 2023
October 9-11, 2023, Aachen, Germany

DOI
10.3384 /ecp204779



Poster Presentation

Figure 23 Point and spline curve contact model animation

Displacement in y direction [mm]

250 -

T T T
-15 -1.0 -0.5
Displacement in x direction [mm]

Figure 24 Cylinder displacement curve

Example 4: The point and cylinder contact model is
applied to simulate the dynamic contact process of several
small balls rolling successively on a funnel until they fall
into the cylinder. The following is an example of the build.

Sphere

.

m=0.00419

&

Sphere2
SphereTocylinder

m=0.00418

—

[—

bodyShape

"

warld

1

SphereTocone

Sphere3

1

:

—1

B

UOLE|SUBI| pax]

m=0.00419

. > i
{00500 ‘0l=1
0 P

SphersRound..
L

SphereRoundplate

q

&

I

Sphered

a

m=0.00418

&

Spheres

:

m=0.00419

SphereToSphere

Figure 25 Example of the point-cylinder contact model

= L § 3

Figure 26 Animation of multiple spheres tumbling down
funnels

The example model is constructed by point-cylinder
contact model, point-disc contact model and ball-ball
contact model. Taking this as an example, multiple typical
contact models can be combined to construct more
complex contact scenarios.

8 Summary and Outlook

In this paper, the contact library primarily focuses on
developing fundamental models for point-surface, point-
line, and line-line contacts. These three contact types form
the foundation for complex geometric contacts.
Furthermore, this paper extends the scope of rigid body
dynamic contact models to include more significant
variations, such as point contact with spline curves, point
contact with cylindrical surfaces, and point contact with
polygonal surfaces.

The above discussion represents only a fraction of the
broader field of rigid body contact dynamics, leaving
significant room for further advancements in contact
model development. For instance, when dealing with
complex geometric contact problems, it is crucial to
optimize model solving efficiency through contact search
algorithms, analyze the impact of different contact force
calculation methods on the accuracy and efficiency of
model solutions, and address contact force errors
stemming from the transition between geometric elements.
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